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We give bounds on finite-volume expectations for a set of boundary conditions
containing the support of any tempered Gibbs state and prove a theorem
connecting the behavior of Gibbs states to the differentiability of the pressure for
continuum statistical mechanical systems with long-range superstable potentials.
Convergence of grand canonical Gibbs states is also studied.
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1. INTRODUCTION

For a grand canonical system of particles, a first-order phase transition is
said to occur if the pressure is not continuously differentiable with respect
to chemical potential. First-order phase transitions are also generally
associated with multiple infinite-volume Gibbs states. The existence of
multiple Gibbs states, however, does not imply a first-order phase transi-
tion, as can be seen in the case of the two-dimensional Ising antiferromagnet
(or, more appropriately, the equivalent lattice gas.® Rigorous connections,
for lattice models, between the behavior of Gibbs states and the differentia-
bility of the pressure or free energy with respect to various parameters have
been made by a number of authors.*”

In this paper we consider long-range, superstable interactions in R<
We prove that a first-order phase transition occurs at a point in phase
space if and only if multiple, translation-invariant, tempered Gibbs states
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exist at that point and they yield strictly different expectations for the
density of particles. An analogous statement is proven for differentiation
with respect to the inverse temperature. Our results therefore extend to a
broad class of continuum models a rigorous mathematical connection
between two widely used criteria to establish phase transitions. To prove
the main theorem, we show how finite-volume expectations of particle
density and energy may be bounded in the presence of an arbitrary external
configuration in the support set of any tempered Gibbs state. We also
prove a convergence result for grand canonical, tempered Gibbs states
when the respective temperatures or chemical potentials converge.

We note that the conclusions of our main theorem are known for a
large class of lattice models with compact configuration space and bounded
Hamiltonians.®"3) The methods used in those references are not available
here, since our Hamiltonians are unbounded and configurations of particles
may have arbitrarily large local densities. Instead we use measure-theoretic
techniques and especially the probability estimates of Ruelle.”® Lebowitz
and Presutti‘® obtained somewhat related results, using different methods,
for models with unbounded spin spaces, but the conditions they impose
on the Hamiltonian are not satisfied by the usual models of classical
continuum statistical mechanics.

An extended version of this paper is available from the authors on
request.

2. NOTATION AND PRELIMINARY RESULTS

For a Borel measurable subset 4 =R let X(A) denote the set of all
locally finite subsets of A. X(A) represents configurations of identical
particles in 4. We let ¢ debote the empty configuration. Let B, be the
o-field on X(A) generated by all sets of the form {se X(4): |sn Bl =m},
where B runs over all bounded Borel subsets of A, m runs over the set
of nonnegative integers, and |-| denotes cardinality. We let (£, S)=
(X(R9), Bgs). For a configuration xe Q let x ,=xn 4.

A Hamiltonian A is an S measurable map from the set of finite
configurations Q in 2 to (— o0, co] of the form

H(x)= 3}, o(x',x/)—h|x| (2.1)

i<j

where the function ¢ is a pair potential and where 4 e R. The configuration
x in (2.1) is coordinatized by x= {x', x*,.., x''}. For xe X(A4) we will
sometimes write H ,(x) instead of H(x).

For a bounded Borel set 4 let |4} denote the Lebesgue measure of 4.
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The symbol |-| may therefore represent cardinality or Lebesgue measure,
but the meaning will always be clear from the context.
Define the interaction energy between x € X(A) and s~ A° by

Wailxls)=3 % o(x's/) (22)
i=1 j=1
where x={x',.,x"}, and sn A°={s',.., s™}. We will sometimes write
Wi(x|s) when x and s are located in disjoint regions. Define

H,(x|s)=H (x)+ W ,(x|5) (2.3)
For each ie Z9 let

Q,={reR4r —12<i*<r* +1/2,k=1,.,4d}

so that the unit cubes {Q,} partition R“ Define |x;|=|x, | =|xn Q,|. For
a nonnegative integer k£ let A, be the hypercube of length 2k — 1 centered
at the origin in RY A, is then a union of (2k—1)“ unit cubes of the
form Q,. We will also sometimes regard A, as a subset of Z¢ by letting 4,
represent A, N Z°.

For ie Z? or RY let |i|| = ||(i*,..., i)|| = max, |i*| be the supnorm.

We assume throughout this paper that H satisfies the following
conditions:

(a) H, ¢ are translation invariant.

(b) H is superstable,®'? ie., there exist 4> 0, B> 0 such that if the
configuration x is contained in 4, for some k, then

H(x)> ), Alx;|*—Blx,| (2.4)

iedg

{c) H(x) is lower regular. There exists a positive function ¥ on the
nonnegative integers such that (m)< Km~* for m > 1, and for any 4, and
A, which are each finite unions of unit cubes of the form Q,, with x= 4,
and sc 4,,

Wixls)z = ¥ X vlli—=ilxl- sl (2.5)

ied) jed;

where K> 0, A>d are fixed.

(d) H(x) is tempered. There exists R,>0 such that, with the same
notation as in part (c), assuming A, and A, are separated by a distance R,
or more,

Wix|)<K 3 Y lli—jl*ix] - sl (26)

ied; jeA;
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We next define a measure for each bounded Borel set of R% Let
Xy(4)< X(A4) be the set of configurations of cardinality N in 4 and let
T: A" — X (A) be the map which takes the ordered N-tuple (xi,..., x5) to
the (unordered) set {x,,..,xy}. In a natural way T defines an equivalence
relation on 4% and X,(A) may be regarded as the set of equivalence
classes induced by T. For N=1,2,3,.. let d¥x be the projection of
nd-dimensional Lebesgue measure onto X,(A) under the projection T
AN = X y(A4). The measure d’x assigns mass 1 to X,(4) = {}. Define d"x
to be the zero measure on X, (A) for M#N. On X(A)={)>_, X, (A4)

&S dix

v 4(dx)= go o

If An A=, where 4 and A4 are Borel sets, then (X(A4), B, v,) X

(X(A4), B,,v,) may be identified with (X(4u4), B, ,, v,.,) Via
X, %XX,4=x,UX,. In particular, for any bounded Borel set 4,

(2, §)=(X(4), B4) x (X(A°), B 1) 2.7)

Let B, denote the inverse projection of B, under the identification (2.7),
so that B, is a o-field on Q.

Let 4 be a bounded Borel set in R? and let s be a configuration in A°.
The finite-volume Gibbs state with boundary configuration s for H, >0,
and 4 is

exp{ —pBH(x|s)}

Z.05) v, (dx) (2.8)

paldx|s)=

where Z ,(s)=Z ,(B, h, s) makes u,(dx|s) a probability measure and § is
inverse temperature, When s= (¥, let p (dx| ) = p ,(dx).
The pressure p(f, h) for H is given by

InZ
Bp(B, )= P(B, h)= lim In Z4(2)

29
A (29)

Remark 2.1. The limit in (2.9) is well known to exist®!? and to be
a convex function of f and £ for the models that we consider, and it is also
possible to consider more general limits than described above, but this is
as much as we will need.

Let {n,} denote the specification associated with B, h, and the
Hamiltonian H (see ref. 3, p. 16) defined by

ma(Als)= | waldx]s) (2.10)
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where 4'= {xe X(A4): x v se A}. This specification is defined with respect
to the sets {R 4} as defined by Preston and is consistent.®

A probability measure u on Q is a Gibbs state (or infinite-volume
Gibbs state) for H, f, and # if

w4 (A]s5))=p(4)

for every 4 € S and every bounded Borel set A.
Folllowing Ruelle,® we define a Gibbs state y to be tempered if y is
supported on

Vooz U VN
N=1

where Vy={xeQ: ¥, , |x;|*<N?|4,| for all k}. The following proposi-
tion collects some results proved by Ruelle in ref. 9.

Proposition 2.1 (Ruelle®). Let A be a finite union of unit cubes of
the form Q,. Suppose A >4 is a bounded Borel set in RY There exist
constants y >0 and &, depending only on § and # (independent of A and
A), such that the probability that |x | > N|A4| with respect to puz(dx| )
is less than exp[ —(yN?—§)/4|]. The same probability estimate holds
when uj(dx|J) is replaced by any tempered Gibbs state for f, A
Moreover, for any f, h, the set of translation-invariant, tempered Gibbs
states is nonempty.

With Proposition 2.1 it is possible to describe another support set for
tempered Gibbs states. Let in, r=max{1, In r}. Define

U,={seQ:|s)<n(ln, ||i])"*forallie Z%)}

- 2.11)

Up= U,
n=1

A straightforward argument>'" shows that u(U,)=1 for any tempered
Gibbs state p.

The following lemma, stated without proof, will be used to control the
effect of boundary configurations on certain expected values in the next
section.

Lemma 2.1. Let £¢>0 and se U,. Then for all & sufficiently large,
the following hold:

(a) WAk(x|s)> —Dk(S)IXaAk[ _Enle,,,l-
(b) [IWalxnd,ls)<en(x,]|
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Here m is the greatest integer <k — C,(Ink)"*~9, C, is a constant for
each ¢ independent of k, 04, = A\A4,,, and D,(s)< Cn(ln k) for some
constant C.

Rermark2.2. 1t is also true that W, (x|s)> —D,(s)|x 4| for all k.

For the convenience of the reader we conclude this section with two
known results from measure theory which we will use in the next section.
The first is a generalization of the Lebesgue dominated convergence
theorem.!?

Proposition 2.2. Let (X, B) be a measurable space and {u,} a
sequence of measures on B that converge setwise to a measure u. Let {f,}
be a sequence of measurable functions converging pointwise of f. Suppose
|f.l < g and that lim,, _ , [ g dp, = g du< 00. Then

lim [/, ds,= [ f du

n-— oo

A measurable space (X, B) is a standard Borel space if there exists a
complete metric space Y such that B is g-isomorphic to the Borel o-field
B, of Y, ie., there is a bijection from B to B, which preserves countable
set operations. The measurable spaces (£, S) and {X(A4), B,) considered in
this paper are standard Borel spaces. The following proposition has been
used by Parthasarathy (ref 13, p. 145) and Preston (ref 3, p.27). We
provide a short proof for the convenience of the reader.

Proposition 2.3. Let X be uncountable and (X, B) a standard
Borel space. There exists a countable field B, < B such that B=o¢(B,) and
such that, if u: B, — [0, 1] is a finitely additive probability measure on B,,
then y has a unique extension to a (countably additive) probability
measure on (X, B).

Proof. (X, B) is isomorphic as a measure space to [1;2, {0, 1} with
the product Borel o-field. Let B, be the finite o-field generated by the first
n factors. Then {J° , B, is a countable field. Any finitely additive proba-
bility measure on | J&_, B, is consistent on {B,}. The result now follows by
the Kolmogorov extension theorem. |

3. PRINCIPAL RESULTS

Lemma 3.1. There exist functions g, g,, g; on U, integrable with
respect to any tempered Gibbs state, such that for all k sufficiently large,
the following hold:
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@) (14§ 1x 0 Al paldx]s) <gi(s).
(b) (W1 4) 1] W4 (x15) pa(dx] 5)] < ga(s).
(e) (V14 1f H 4,(x]5) pafdx] )] <ga(s).

Remark 3.7. The integrable bounds in Lemma 3.1 may be chosen
to hold for all k; we find bounds only for all large values of £ in order to
streamline the proof.

Proof. Observe that for any function f on X(A,),
§f(x) exp[ = BW 4,(x|5)] p4,(dx)
fexp[ —BW 4 (x]5)] p4,(dx)

Let >0 and se U,,. In what follows we identify 4,, 4,,, and 04 =04, as
in Lemma 2.1. Let

ff(x) paldx|s)= (3.1)

1 if xc4,,

3.
0 otherwise (32)

=1
Then, using the product structure of v 4,

[ expL— W 1, (x1)] 14, (%)

1
> Z,(2) jmk) x(x)exp[ =W 4,(x|5)] exp[ — BH 4,(x)] v 4,(dx)

1
>Z—AMJM} L(Am, exp[ —BW 4 (x|s 0 45)]

xexp[ —fH 4 (x)]v 4, (dx) Vo (4Y)
Z,(D)

> [ exp(—penlxa,)) wanlex) 77

Therefore, by Jensen’s inequality,
In [ expl — AW 4,(x15)] s (dx)

> —fen f X 4| Han(dx)+1n Z, (&) —1n Z,() (3.3)

We next bound {|x,|pu,(dx) using Ruelle’s probability estimates
(Proposition 2.1):

822/71/5-6-14
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1
g ) el B )

= fo Bl X a0t 1%, > 14,0} dy

6/
< f ldy+ J

[0}
0 (/3

, 5\ 1/2 - 12
Lo~ = o)l dr<(2) +(0)
(3.4)

where é and 7y are the constants appearing in Proposition 2.1. Combining
(3.3) and (3.4) gives

In [ expl — W (x15)] s, (dx)

172 172
>—ﬂan[(g> |Ak|+(”'4/i"'> ]-’ranAm(Q)—anAk(@) (3.5)

To bound the numerator in-(3.1), observe that for any ¢ >0, and any union
A of unit cubes in 4,,

[ explelxal) pa ()

= fo Ka (% explelxql) >y} dy

exp[(2¢214()/y] o 1 2
<J ’ ' ldy+ exp{—y(ny) +5|Al}dy
0

exp[(2¢2141)/y] 14|
22| A| @
<exp (X2 + explo)] | y~dy
Y exp[(2¢2]4))/7]
o+ 202
<2exp< +y ¢ |Al> (3.6)

For any a=0, it follows from (3.6) and Lemma 2.1 that
[ explalx) expl— W 4, (x15)] w4, (kx)

< [ expLBDL($) %0411 exDL(Bnz + @)1 411 b1,(d)
1/2

<([ L2 meat natan)) (] expl2(pme-+ a1 )

<2exp [(ﬂl-)ykﬁﬁ+g> |oA} + (M+%) lAkI] (3.7)
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Using Jensen’s inequality and (3.1) gives

[ 1%.4) pa(dxls)
<In [ exp(1x ) .l 5)

<In [ exp [x| expL — B 4,(x15)] s (dx) —In [ expL = B 1, (x15)] ()

Combining (3.8) with (3.5) and (3.7) with a=1 gives >
o [l s
(AL 2) . A1
ol () () |-z
+I7131n Z (D) (3.9)

By Lemma 2.1, D,(s) < Cn(In k)", Therefore the right side of (3.9) is
a quadratic polynomial in x:

Co(k)n* + Cy(k)n+ Co(k)
where 0< C,=sup, Ci{k)< oo for i=0, 1,2 and
n=n(s)=min{meZ:seU,} (3.10)

Define with (3.10)
g.(s)=Con*+ Cin+ C,

If u is a tempered Gibbs state, it is easy to show, using Proposition 2.1,
that there exists a constant D such that

w(US,) < D exp(—ym?) (3.11)

for all m sufficiently large. Thus

je o)

[a)ud)< T €, Y miu(Us,_) <o (3.12)

m=1
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To prove part b, observe that, by Lemma 2.1,

1

1) Wadxls) paldxls)

i Akl

T addxls) G.13)

1
>~ [ D) el maaxls) = [

From part a, the second integral on the right is bounded below by —eg,(s).
To bound the first integral on the right side of (3.13), notice that by
Jensen’s inequality and (3.1)

[ Do) %0l itz s)
<In | expLD4(5) %0411 eXpL — BW 4 (x] )] s, ()

—In [ exp[—BW 1,(x|5)] 4 (dx) (3.14)

Applying (3.5), (3.6), and Lemma 2.1 as before shows that the right side of
(3.14) is bounded by a polynomial in #(s) which is integrable with respect
to any tempered Gibbs state.

On the other hand, by Jensen’s inequality and (3.1),

[ BW.4(x19) paax15)

<In [ expLAW 4,(x15)] s (dxls)

| § expl+BW 4, (x|5)] expl — BW 4,(x]5))] p4,(dx)
§ exp[ —BW 4,(x|5))] p4,(dx)

< fen [(g)/ i +(® ’4/;')/] I Z, (@) +In Zy(P)  (315)

where the last inequality comes from (3.5). Dividing both sides of (3.15) by

BlA,| shows that (1/]4]) [ W, (x|s) pa(dx|s) is bounded above by a

linear function in n(s) with coefficients bounded in k. Hence it is bounded

by a function g,(s) integrable with respect to any tempered Gibbs state.
By the stability of H(x),

1

h o el 9) watdel9) 2 |j — Blx| + W (x]5) waldxls)  (3.16)
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The integral on the right is bounded below by a linear combination of the
functions g,(s) and g,(s) from parts a and b.
To find an upper bound, write

[ BH 4 (x15) (x| 5)

<In [ exp[H 4, (x]5)] 1y (dxls)

_ TP B (x1)] expl =By (x19)] s fc)
B [expl— AW 1, (x15)] 4 (d)

- Jexpl+BH ()] expl — BH ., (x)] v.,,(dx)

B ZAk(g) j expl —BW 4 (x15)] p,(dx)

1/2 1/2
<ﬁen[(§) iAk|+(”'4/;"’) ]—1n24m(@)+|Ak| (3.17)

where in the last inequality we have used (3.5). Dividing both sides (3.17)
by B4l shows that

1
| a9 gl

(3.18)

is bounded by a linear function of n(s) with coefficients bounded in k and
(3.18) is therefore bounded by an integrable function of 5. §

Lemma 3.2. (a) For any se U,

[ W (x1s)

lim A

k=

”Ak(dx ‘ S) = 0

(b) For any tempered Gibbs state u

Wi(x 4, 1% 4
lim f—"k—”f—)u(dx)=o

|4l

k— oo

Proof. Part b follows from part a, Lemma 3.1b, and the dominated
convergence theorem. From (3.15)

lim sup

WAk(xls)
| = atax | ) <en(s)(89) (3.19)

| Al
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where we have used the same notation as in the proof of Lemma 3.1. Since
&> 0 is arbitrary,

. WAk(xls)
lim sup | —————p,,(dx|5) <0 (3.20)
k= o0 [

From (3.5), (3.13), (3.14), and Lemma 3.1a
[ W alx19) paax]s)

> —eg.(s) |44 _ln.[exp[Dk(S))lxaAl] expl — W 4, (x]5)] ps(dx)

12 172
—ﬁsn[(%) ]Ak]-i-(n—l‘%) :l"'anAm(/@)“anAk(Q) (3.21)

It is necessary to bound the integral on the right side of (3.21) differently
than in the proof of Lemma 3.1. We have

| XPLDL($) 104l T eXPL—BW 4 (x15)] s (dx)

< [ expL(B+1) Dils)1asl ] exp(Bre | x.5,) 5, (dx)

ZAk(B’h_*'B >g)
= [expl(8+ 1) Du9)xaa 1 Lala) o= (322)

where fi,, is the finite-volume Gibbs state for s= ¥ with s replaced by
h+ Ben. By (3.6)

[ eXDLDL(s) X241 exPL— BW 1, (x15)] s ()

S ZAk :h )
<2€Xp{<2(_3_+_1_);_17£)_2+5> léAi} éﬁ (;hﬁg;)@) (3.23)
Ap\F's Ts

where & and § are the constants from Proposition 2.1 for h replaced by
h + Ben. Combining (3.23) and (3.21) gives

Wixq19)
J—Wkl—“!uk(dxls) /
B (n VT Ml L
2_'38”[(y> +<2v|Aki> ]+|Aki ) 0 ZanD) — eals)
(2B +1) Dyls)? ~>16A|_ln2__1__
( 7 O ) A 1y B Z By bk Pen. )

(3.24)
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Therefore,

W(x 41 5) 5\2
liminf | ————p , (dx|s) > —efn(s) (—-) —eg,(s)
k- o0 | Al Y

+P(B,h)—P(B, h+ Pen)  (3.25)

By continuity of the pressure”) in & and since &> 0 is arbitrary,
W(xAk I S)

lim inf | ——— = .
im in Y taldx|s) =0 (3.26)

Inequalities (3.20) and (3.26) establish part b. |

Corollary 3.1. For any se U,
InZ ,(s)

JHm YA P(B, h)

Proof. For any k,
exp[ —BH 4,(x|s)]

Z(@)=]  {explBW,(x19)]) Va(dX) - Z 4 (5)

X(A) Z 4,(s)
(3.27)
Taking logarithms and using Jensen’s inequality gives
InZ,(F)=>InZ,(s)+p Jf W (x|s) py(dx]s) (3.28)
From Lemma 3.2a,
. 1
limsup —1In Z , (s) < P(B, h) (3.29)
koo A

Assuming k is sufficiently large and using the same notation as in the proof
of Lemma 3.1,

Zu)> [ {expl=BH(x19)1} x(x) v (d)

>JCXP[—ﬂ8n(S)|xAmI] Ha,(dx) - Z 4, () (3.30)
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Thus, using Jensen’s inequality again shows that

0 Z,4,(5) 210 Z,, (@) — 21 [ [x,4,] 1,,(d)

Applying Lemma 3.1a gives

14l
Al 14,]

IAmI
lAkl

InZ,(s)> InZ,(2)- g(d) (331

1
144
Thus

lim 1nf| N InZ ,(s)> P(B, h)—enfg (&)

k—oo

Since £ > 0 is arbitrary,

liminf—1In Z, (s)= P(B, h) (3.32)
k— IA ‘ k

Combining (3.32) and (3.29) proves the corollary. |
We state Lemma 3.3 below without proof.

Lemma 3.3. Let 4 be a bounded Borel set, Fe B,, n>1, and let I,
and I, be closed intervals on the real line with 7, to the right of zero. Then:

(@) m(FlsnA)B, h) >, (F|s)f, h) uniformly for all seU
pel,, and hel, as k> .

(b) If A=A, for some integer L, m(H (x)|sA)B,h)—
7 (H 4(x)|s)(B, h) uniformly for all se U,, fel,, as k — 0.

Theorem 3.1. Let Q=0Q,=A4,_; be the unit cube centered at the
origin.

ns

(a) The expectation
j Ho(x)+ L Wy(x| xge) () (3.33)
is the same for any translation-invariant, tempered Gibbs state y for H, §,,

h, if and only if P(B, #) is continuously differentiable at §,.
(b) The expectation

[ 1x 0 01 u(ax)
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is the same for any translation-invariant, tempered Gibbs state u for H, 8,
hy, if and only if P(f, k) is continuously differentiable at 4.

Remark 3.2. Theorem 3.1 may be modified. In Eq. {2.1), one may
assume, if desired, that h= fz/ B for some “chemical potential” h independent
of f. In this way Bh is independent of f. With this convention, f is the
coefficient of the particle interaction energy and 4 is, independently, the
coefficient of the particle number in P(f, #). Note also that

1 1
[ Hoto)+3 Wolxlxg) uidx) = lim = [ ., (x) u(dx)

by translation invariance of g and Lemma 3.2, so that part a of
Theorem 3.1 may be reformulated. The restriction that Q= A,, the unit
cube, in Theorem 3.1 may be relaxed. Q can be chosen to be any geometric
solid whose translates partition R% such as a rectangular solid. The under-
lying lattice Z¢ must then be replaced with another lattice; A, then
becomes a union of translates of Q for each &, U is then changed, etc.

Proof. (a) Since P(f, k) is a convex function of f, P is differentiable
on a dense subset of the positive real line. Suppose that P is differentiable
at f. For any k, (1/|4,|)In Z ,,(s) is convex and differentiable with respect
to f for any se U,,. From Corollary 3.1, it follows that for any point §
where P is differentiable,

dP 1

5= Jm [ H 615 waldxls)

Let p be a translation-invariant, tempered Gibbs state. From the Lebesgue
dominated convergence theorem and Lemma 3.1 we have

dP
= dm ([ Har19) gl 5) i)

By the definition of a Gibbs state and Lemma 3.2,

P im -LJHA (x1x.) pldx) = lim —l—fH (x) u(dx)  (3.34)
A ke AT | Al '

Now write
H(x)=Y [Ho(x)+3W(xg,x0¢n4,)]

=—'Z [HQ,-(X)+%W(inlef)]“%W(xAkixA;) (3.35)
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where the sums are over all i such that Q,< 4,. Combining (3.34) and
(3.35) and using the translation invariance of u gives

W(xAk ‘ xAi)

M) (336)

dp 1 |
o W s e~ o |

From Lemma 3.2

dP 1
T f Ho(x) +3 Wixg| xge) u(dx) (3.37)
Thus (3.33) is the same for all translation-invariant Gibbs states if P is
differentiable at B,.
Let
glx)=Hy(x)+ 3 W(xg| xoc) (3.38)

and let {B,.} be chosen so that Bmlﬁo and such that P(., h) is
differentiable at each §,,. Let d"P/dp and d'P/dB denote, respectively, right-
and left-hand derivatives of P. Then

d’pP dP

- < 3 — , = 1i m 3

a5 bo < Im 25 (B, )= lim [ g0 n(dr)  (339)
by (3.37), where p,, is a translation-invariant, tempered Gibbs state for H,
h, B

The next step is to show that for some subsequence of {u,,}, which we
again denote by {u,,},

Tim [ g(x) () = [ g(x) ulax) (3.40)

where p is a translation-invariant, tempered Gibbs state for H, f,, . Then
by (3.39) and (3.40),

dpP
75 (oo <[ 806) ula) (3:41)

An analogous inequality bounding (d'P/dB)(B,, h) below, together with
the assumption that g(x) has the same expectation with respect to any
translation-invariant Gibbs state at f,, will prove that P is continuously
differentiable at .

Let 4, be the countable field given by Proposition 2.3 for the o-field
B ,. Define

i.=U4, (3.42)
k
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Since A, is countable, some subsequence of { }, which we again denote
by {4..}, converges for each element of 4. Define u(4) by

uAd)= lim p,(4) (3.43)

By Proposition 2.3, for any fixed &, 1 has a unique extension to B 4> Which
we again denote by u. Let Fe B, and se U,,. Recall that F' = {xe X(4):
x v seF} and in this case F’' is independent of s. Then

na(FIs)< | exp{—BH (x|5)} v (dv)

<] exp { B 1514 BLB+ n(5) Clin, 021 11| v, (d)

< max {exp{——ﬁ]—j;—l |x]2

+ BLB+n(s) ClIn . k)] "C’}: ol ER} ValF)
=M(B, h, k, n(s)) v 4, (F') (3.44)

where we have used Remark 2.2, superstability, the observation that
Z,(s)=1 for all s and 4, and

2
Ay lx,-12>A<>: lx,-l> Ay

ied, ie Ay

It follows from (3.44) that {r, (F|s)B,.h): m=1,23,., and seU,},
where B, B, as above, is uniformly absolutely continuous with respect to
the measure on B 4, &iven by oy (F)=v 4, (F').

From Proposition 2.1 all tempered Gibbs states for a given value of
and #h satisfy Ruelle’s estimates for the same values of y and 4. It follows
from the proofs in ref. 9 that the same values of y and 6 may be selected
for the entire sequence of tempered Gibbs states {u,,} given in (3.39)
corresponding to f5,,] B, (in fact, y = f,4/4 may be used).

Let ¢>0 be given. Choose n so that u,(U:) <e/2 for all m. Choose
>0 so that 7, (F|s)(B.., h) <&/2 whenever w,(F)<#n and se U,. Then

Ul F) = pn{ 71 (F|5)(B .5 )

= | Bl F15) B ) )+ | T aFLS) B 1) () < (3:45)
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Thus, given any k, the measures {gu,} restricted to B 4, are uniformly
absolutely continuous with respect to w,.

Let 4 =R be a bounded Borel set and let Fe B,. Without loss of
generality, we may assume A=A, for some k. Let ¢>0 and choose # as
in (3.45). Since (4 ,) = B ,, there exists an A€ A, such that u(4 A F)<e
and o (4 A Fy<yn. Here A A F=(A\F)u (F\A). By the triangle
inequality,

|m(F) — u(F)| < |ph(A) = p(A) + pn(A4 A& F)+ (A A F)
<

l
|m(A) — p(A4)] + 2¢ (3.46)

It follows that
WF)= lim p,(F) (3.47)

for all Fe B,. Equation (3.47) shows that u(F) is consistently defined on
the increasing sequence of o-fields {B,,}. Since these o-fields generate the
o-field S, p has a unique extension to a probability measure on (£, S),
which we again denote by u. The translation invariance of u follows from
the translation invariance of u,, and standard arguments in measure theory.

We next prove that u is a Gibbs state for f,, H, A It is routine to
verify that

T A(F|5)(Bpms h) = 74(F|5)(Bo. h) (3.48)

for each seU_, each A, and each measurable set F. By the triangle
inequality,
|l A(F | 5) (B B)) — (7 4(F5)(Bo> 1))
S bm[mA(Fls 0 A)(B s B) — plm 4(Fl s 0 AL )(Bos R) ]

+ [ T A(F| ) By B) = T (F |53 A )(B s 2]

+ [ulr (F15)(Bos ) — 1 4(Fls N A)(Bo, h) ]I (3.49)
It follows from Lemma 3.3 and arguments similar to those leading to (3.45)
that by choosing k sufficiently large, the last two terms on the right side of
(3.49) can made arbitrarily small, uniformly in m. By Proposition 2.2 and
(3.48) the first term on the right side of (3.49) converges to zeros as m — oo

for any fixed &.
Thus,

1ok 4 (F| $)(B o> 1)) = (7 4(F | 5)(Bos 1))
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Since we also have

kT A(F | $)(Bns B)) = i F) = p(F)

for any cylinder set F, it follows that u is a Gibbs state. It is easy to check
that u is tempered, using the fact that the same constants y and ¢ may be
used for each py,,.

It remains to verify (3.40). Note that (3.40) does not follow from
(3.47), because g(x) is an unbounded function of x. A detailed argument
using Lemma 3.2, Lemma 3.3b, Proposition 2.2, and the ideas in the proof
of Lemma 3.1 proves (3.40) and completes the proof of part a, i.e.,

Pl H(x) + 5 W(xg | xge)) = p(Ho(x) + 3 W(xg] %))

(b) The proof of b follows as in part a with the cylinder function |x,|
playing the role of g(x) and % playing the role of 5. §

Remark 3.3. Theorem 3.1 may be extended to deal with Gibbs states
invariant under groups which preserve the algebra of measurable cylinder
sets, other than the translation group on R For example, let G be a group
of Euclidean motions on R? containing a subgroup of the translation
group. Assuming that Gibbs states invariant under G exist for each f and
A, the proof of Theorem 3.1 may be modified to show that the pressure is
differentiable with respect to f (resp. #) if and only if all Gibbs states
invariant under G yield the same expected specific energy (resp. density of
particles).

The following corollary is now immediate.

Corollary 3.2. Suppose the Gibbs state for H, f,, h, is unique.
Then the pressure p(f, i) is continuously differentiable with respect to 8
and with respect to 4 at (8, 4,).

Corollary 3.3 below follows from the proof of Theorem 3.1.

Corollary 3.3. Let y, be a translation-invariant, tempered Gibbs
state for H, B,,, h and suppose f,, — f,>0. Then the sequence {u,} has
a subsequence whose limit on any cylinder set F is u(F), where y is a
translation-invariant, tempered Gibbs state for H, f,, A An analogous
statement holds when 4,, > A, and B is fixed.
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